We describe Rudin-Keisler preorders and distribution functions of numbers of limit models for disjoint unions of Ehrenfeucht theories. Decomposition formulas for these distributions are found.
Clearly, domination relations form preorders, and (strong) domination-equivalence relations are equivalence relations. Here, M p ≡ RK M q implies M p ∼ RK M q .
If M p and M q are not domination-equivalent then they are non-isomorphic. Moreover, non-isomorphic models may be found among domination-equivalent ones.
In Ehrenfeucht examples, models M n p 0 , . . . , M n p n−3 are domination-equivalent but pairwise non-isomorphic.
A syntactic characterization for the model isomorphism between M p and M q is given by the following proposition. It asserts that the existence of an isomorphism between M p and M q is equivalent to the strong domination-equivalence of these models. Proposition 1.5 [2, 7] For any types p(x) and q(ȳ) of a small theory T , the following conditions are equivalent:
(1) the models M p and M q are isomorphic; (2) the models M p and M q are strongly domination-equivalent; (3) there exist (p, q)-and (q, p)-principal formulas ϕ p,q (ȳ,x) and ϕ q,p (x,ȳ) respectively, such that the set p(x) ∪ q(ȳ) ∪ {ϕ p,q (ȳ,x), ϕ q,p (x,ȳ)} is consistent; (4) there exists a (p, q)-and (q, p)-principal formula ϕ(x,ȳ), such that the set p(x) ∪ q(ȳ) ∪ {ϕ(x,ȳ)} is consistent. Definition 1.6 [2, 7] Denote by RK(T ) the set PM of isomorphism types of models M p , p ∈ S(T ), on which the relation of domination is induced by ≤ RK , a relation deciding domination among M p , that is, RK(T ) = PM; ≤ RK . We say that isomorphism types M 1 , M 2 ∈ PM are domination-equivalent (written M 1 ∼ RK M 2 ) if so are their representatives.
Clearly, the preordered set RK(T ) has a least element, which is an isomorphism type of a prime model. Proposition 1.7 [2, 7] If I(T, ω) < ω then RK(T ) is a finite preordered set whose factor set RK(T )/∼ RK , with respect to domination-equivalence ∼ RK , forms a partially ordered set with a greatest element. Definition 1.8 [2, 3, 7, 9] A model M of a theory T is called limit if M is not prime over tuples and M = n∈ω M n for some elementary chain (M n ) n∈ω of prime models of T over tuples. In this case the model M is said to be limit over a sequence q of types or q-limit, where q = (q n ) n∈ω , M n = M qn , n ∈ ω. If the sequence q contains unique type q then the q-limit model is called limit over the type q.
Denote by I p (T, ω) the number of pairwise non-isomorphic countable models of the theory T , each of which is prime over a tuple, by I l (T ) the number of limit models of T , and by I l (T, q) the number of limit models over a type q ∈ S(T ).
Clearly, a small theory T is p-categorical if and only if T countably categorical, and if and only if I l (T ) = 0; T is p-Ehrenfeucht if and only if the structure RK(T ) finite and has at least two elements; and T is p-Ehrenfeucht with I l (T ) < ω if and only if T is Ehrenfeucht.
Let M ∈ RK(T )/ ∼ RK be the class consisting of isomorphism types of dominationequivalent models M p 1 , . . . , M pn . Denote by IL( M) the number of equivalence classes of models each of which is limit over some type p i . Theorem 1.10 [2, 7] For any countable complete theory T , the following conditions are equivalent:
(1) I(T, ω) < ω; 
Moreover, the following decomposition formula holds:
where M 0 , . . . , M |RK(T )/∼ RK |−1 are all elements of the partially ordered set RK(T )/∼ RK .
•
Figure 1: In Figure 1 , a and b, possible variants for Hasse diagrams of Rudin-Keisler preorders ≤ RK and values of distribution functions IL of numbers of limit models on ∼ RK -equivalence classes are represented for the cases I(T, ω) = 3 and I(T, ω) = 4. In Figure 2 , corresponding configurations for I(T, ω) = 5 are shown. Definition 1.11 [10] The disjoint union n∈ω M n of pairwise disjoint structures M n for pairwise disjoint predicate languages Σ n , n ∈ ω, is the structure of language n∈ω Σ n ∪ {P (1) n | n ∈ ω} with the universe n∈ω M n , P n = M n , and interpretations of predicate symbols in Σ n coinciding with their interpretations in M n , n ∈ ω. The disjoint union of theories T n for pairwise disjoint languages Σ n accordingly, n ∈ ω, is the theory
Clearly, the theory T 1 ⊔T 2 does not depend on choice of disjoint union M 1 ⊔M 2 of models M 1 |= T 1 and M 2 |= T 2 . Besides, the cardinality of RK(T 1 ⊔ T 2 ) is equal to the product of cardinalities for RK(T 1 ) and RK(T 2 ), and the relation ≤ RK on RK(T 1 ⊔ T 2 ) equals the Pareto relation [11] defined by preorders in RK(T 1 ) and RK(T 2 ). Indeed, each type p(x) of T 1 ⊔ T 2 is isolated by set consisting of some types p 1 (x 1 ) and p 2 (x 2 ) of theories T 1 and T 2 respectively, as well as of formulas P 1 (x 1 i ) and P 2 (x 2 j ) for all coordinates in tuplesx 1 andx 2 . For types
. Thus, the following proposition holds. Proposition 1.12 [3, 12] For any small theories T 1 and T 2 of disjoint predicate languages Σ 1 and Σ 2 respectively, the theory T 1 ⊔ T 2 is mutually RK-coordinated with respect to its restrictions to Σ 1 and Σ 2 . The cardinality of RK(T 1 ⊔ T 2 ) is equal to the product of cardinalities for RK(T 1 ) and RK(T 2 ), i. e.,
and the relation ≤ RK on RK(T 1 ⊔T 2 ) equals the Pareto relation defined by preorders in RK(T 1 ) and RK(T 2 ).
Remark 1.13 [3, 12] An isomorphism of limit models of theory T 1 ⊔ T 2 is defined by isomorphisms of restrictions of these models to the sets P 1 and P 2 . In this case, a countable model is limit if and only if some its restriction (to P 1 or to P 2 ) is limit and the following equality holds:
Thus, the operation ⊔ preserves both p-Ehrenfeuchtness and l-Ehrenfeuchtness (if components are p-Ehrenfeucht), and, by (3), we obtain the equality
2 Distributions of countable models
In this section, using Theorem 1.10 and Proposition 1.12, we give a description of RudinKeisler preorders and distribution functions of numbers of limit models for disjoint unions T 1 ⊔ T 2 of Ehrenfeucht theories T 1 and T 2 , as well as propose representations of this distributions, based on the decomposition formula (1). Using the formulas (1)- (4) we obtain the following equalities:
In view of Proposition 1.12 the Hasse diagrams for distributions of countable models for disjoint unions T 1 ⊔ T 2 of Ehrenfeucht theories T 1 and T 2 are constructed as images of Pareto relations for these theories T 1 and T 2 . Here, ∼ RK -equivalent vertices for T 1 and T 2 are transformed to ∼ RK -equivalent pairs for T 1 ⊔ T 2 . Hence, each ∼ RK -class for T 1 , consisting of k vertices, united with a ∼ RK -class for T 2 , consisting of m vertices, produces a ∼ RK -classz for T 1 ⊔ T 2 , consisting of km vertices. Thus, in the formula (6), the value I p (T 1 , ω) · I p (T 2 , ω) is represented as a sum of products |x| · |ỹ| for each equivalence classx in RK(T 1 ) and each equivalence classỹ in RK(T 2 ):
Following the formula (4), each ∼ RK -classz has some number I l (z) of limit models over types defining that class. This number is expressed by the numbers I l (x) and I l (ỹ) of limit models for the ∼ RK -classx in RK(T 1 ) and the ∼ RK -classỹ in RK(T 2 ), generatingz, by the following formula:
By (7) and (8), for the theory T 1 ⊔ T 2 , the decomposition formula (1) has the following form:
Notice that the graph Γ for the Pareto relation correspondent to the Rudin-Keisler preorder of the theory T 1 ⊔ T 2 is represented as the product of the graphs Γ 1 and Γ 2 for the Rudin-Keisler preorders of the theories T 1 and T 2 , and Γ 1 × Γ 2 is a (Boolean) lattice if and only if Γ 1 and Γ 2 are (Boolean) lattices.
Thus, the following theorem holds, generalizing Theorem 24 in [1] . The following proposition shows that the function I l (·) is monotone with respect to disjoint unions of Ehrenfeucht theories. Proof. Assume that the cardinalities |x| and |ỹ| monotonically increase (do not decrease) with respect to Rudin-Keisler preorders. If the functions I l (x) and I l (ỹ) monotonically increase (do not decrease) with respect to Rudin-Keisler preorders andz 1 < RKz2 (z 1 ≤ RK z 2 ), then I l (z 1 ) < I l (z 2 ) (I l (z 1 ) ≤ I l (z 2 )) in view of the formula (8) .
The reverse implication takes place, since RK(T 1 ) and RK(T 2 ) are isomorphic to substructures of the structure RK(T 1 ⊔ T 2 ).
In addition to the examples of Hasse diagrams given in [1] , we have a series of new examples. Below we describe some of them. we have the theory T 1 ⊔ T 2 with 3 · 4 = 12 countable models, having the Boolean lattice with 2 · 2 = 4 prime models over finite sets and with 8 limit models. The decomposition formula (9) has the following form:
The Hasse diagram for the theory T 1 ⊔ T 2 is shown in Fig. 3 . Replacing, respectively, 1 and 2 limit models of the theories T 1 and T 2 by k > 0 and m > 0 the equation (10) 
The Hasse diagram for the theory T 1 ⊔ T 2 ⊔ T 3 is shown in Fig. 4 . Replacing, respectively, 1, 2, 3 limit models of the theories T 1 , T 2 , T 3 by k > 0, m > 0, n > 0 the equation (11) is transformed to the following: (k + 2)(m + 2)(n + 2) = 2 · 2 · 2 + (0 + k + m + n + (k + m + km) + (k + n + kn) + (m + n + mn)+ +(k + m + n + km + kn + mn + kmn)).
Example 2.5 Consider the disjoint union of theory T 1 with the third Hasse diagram shown in Fig. 1, b and the theory T 2 with the second Hasse diagram shown in Fig. 2 . By Theorem 2.1 we have the theory T 1 ⊔ T 2 with 4 · 5 = 20 countable models, having the lattice with 3 · 3 = 9 prime models over finite sets and with 11 limit models. The decomposition formula (9) has the following form:
4 · 5 = 9 + 11 = 3 · 3 + (0 + 1 + 1 + 1 + 1 + 1 + 3 + 3).
The Hasse diagram for the theory T 1 ⊔ T 2 is shown in Fig. 5 .
Example 2.6 Consider the disjoint union of theory T 1 ⊔T 2 in Example 2.5 and the theory T 3 with the third Hasse diagram shown in Fig. 2 . By Theorem 2.1 we have the theory T 1 ⊔T 2 ⊔T 3 with 4 · 5 · 5 = 100 countable models, having the lattice with 3 · 3 · 3 = 27 prime models over finite sets and with 73 limit models. The decomposition formula (9) has the following form:
The Hasse diagram for the theory T 1 ⊔ T 2 ⊔ T 3 is shown in Fig. 6 .
Example 2.7 Consider the disjoint union of theory T 1 with the first Hasse diagram shown in Fig. 1 , b and the theory T 2 with the second Hasse diagram shown in Fig. 2 . By Theorem 2.1 we have the theory T 1 ⊔ T 2 with 4 · 5 = 20 countable models, having the lattice with 2 · 3 = 6 prime models over finite sets and with 14 limit models. The decomposition formula (9) has the following form:
4 · 5 = 6 + 14 = 2 · 3 + (0 + 1 + 1 + 2 + 5 + 5).
The Hasse diagram for the theory T 1 ⊔ T 2 is shown in Fig. 7 .
Example 2.8 Consider the disjoint union of theory T 1 ⊔ T 2 in Example 2.7 and of the theory T 3 with the first Hasse diagram shown in Fig. 2 . By Theorem 2.1 we have the theory T 1 ⊔ T 2 ⊔ T 3 with 4 · 5 · 5 = 100 countable models, having the lattice with 2 · 2 · 3 = 12 prime models over finite sets and with 88 limit models. The decomposition formula (9) has the following form:
The Hasse diagram for the theory T 1 ⊔ T 2 ⊔ T 3 is shown in Fig. 8 .
Example 2.9 Consider the disjoint union of theory T 1 with the first Hasse diagram shown in Fig. 1, b and of the theory T 2 with the third Hasse diagram shown in Fig. 2 . By Theorem 2.1 we have the theory T 1 ⊔ T 2 with 4 · 5 = 20 countable models, having the lattice with 2 · 3 = 6 prime models over finite sets and with 14 limit models. The decomposition formula (9) has the following form:
4 · 5 = 6 + 14 = 2 · 3 + (2 · 3 + 8).
The Hasse diagram for the theory T 1 ⊔ T 2 is shown in Fig. 9 .
Example 2.10 Consider the disjoint union of theory T 1 ⊔ T 2 in Example 2.9 and of the theory T 3 with the first Hasse diagram shown in Fig. 2 . By Theorem 2.1 we have the theory T 1 ⊔ T 2 ⊔ T 3 with 4 · 5 · 5 = 100 countable models, having the lattice with 2 · 2 · 3 = 12 prime models over finite sets and with 88 limit models. The decomposition formula (9) has the following form:
4 · 5 · 5 = 12 + 88 = 2 · 2 · 3 + (2 · 3 + 3 · 2 + 8 + 11 · 3 + 35).
The Hasse diagram for the theory T 1 ⊔ T 2 ⊔ T 3 is shown in Fig. 10 .
Example 2.11
Consider the disjoint union of theory T 1 ⊔ T 2 in Example 2.5 and of the theory T 3 with the first Hasse diagram shown in Fig. 1, b . By Theorem 2.1 we have the theory T 1 ⊔ T 2 ⊔ T 3 with 4 · 4 · 5 = 80 countable models, having the lattice with 3 · 3 · 2 = 18 prime models over finite sets and with 62 limit models. The decomposition formula (9) has the following form:
The Hasse diagram for the theory T 1 ⊔ T 2 ⊔ T 3 is shown in Fig. 11 .
Example 2.12 Consider the disjoint union T 1 ⊔ T 2 ⊔ T 3 of theory T 1 with the third Hasse diagram shown in Fig. 1 , b, of theory T 2 with the first Hasse diagram shown in Fig. 2 , and of theory T 3 with the third Hasse diagram shown in Fig. 2 . By Theorem 2.1 we have the theory T 1 ⊔ T 2 ⊔ T 3 with 4 · 5 · 5 = 100 countable models, having the lattice with 3 · 3 · 2 = 18 prime models over finite sets and with 82 limit models. The decomposition formula (9) has the following form:
The Hasse diagram for the theory T 1 ⊔ T 2 ⊔ T 3 is shown in Fig. 12 .
Example 2.13 Consider the disjoint union of theory T 1 with the second Hasse diagram shown in Fig. 1, b , where one limit model is replaced by k > 0 ones, and of theory T 2 with the Hasse diagram shown in Fig. 1 , a, where one limit model is replaced by m > 0 ones. By Theorem 2.1 we have the theory T 1 ⊔ T 2 ⊔ T 3 with (k + 3)(m + 2) countable models, having the Hasse diagram with 3 · 2 = 6 prime models over finite sets and with k + m + (k + 2m + km) limit models. The decomposition formula (9) has the following form:
(k + 3)(m + 2) = 3 · 2 + (k + m + (k + 2m + km)).
The Hasse diagram for the theory T 1 ⊔ T 2 is shown in Fig. 13 .
Example 2.14 Consider the disjoint union of theory T 1 with the second Hasse diagram shown in Fig. 1, b , where one limit model is replaced by k > 0 ones, and of theory T 2 with similar Hasse diagram, where one limit model is replaced by m > 0 ones. By Theorem 2.1 we have the theory T 1 ⊔ T 2 with (k + 3)(m + 3) countable models, having the Hasse diagram with 3 · 3 = 9 prime models over finite sets and with k + m + (2k + 2m + km) limit models. The decomposition formula (9) has the following form:
(k + 3)(m + 3) = 3 · 3 + (k + m + (2k + 2m + km)).
The Hasse diagram for the theory T 1 ⊔ T 2 is shown in Fig. 14.
In the latter two examples quotients with respect to ∼ RK produce Boolean lattices with four elements.
